Orthogonal Lie algebra generated by a bilinear form

V' = F-vector space, dim V = n < o0
b bilinear form on V
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b: VxV3(v,w) — b(u,v)€eF

b(au+ Bv,w) = ab(u,w) + Bb(v, w)
b(u,av + pw) = ab(u,v) + Sb(u, w)

o(V,b) = Orthogonal Lie algebra = the set of all T € End V
b(u, Tv) + b(Tu,v) =0
[T1, Tl =T1oTy—ThoTh
Tiand Ty €0(V,b) ~ [Ty, Tyl €0(V,b)
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Matrix Formulation for bilinear forms
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bilinear form b «— B matrix n X n ~ b(x, y) = (x, By) J
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b(Mx, My) = b(x,y) e~ MUYBM =B «w M“bM = b \
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Lie algebra of the (Lie) group of isometries

V' F-vector space, b : V ® V — C bilinear form
O(V, b)=group of isometrieson V i.e.

O(V,b)>M : V—V ~» b(Mu,Mv)=b(u,v)

lin
smookh "‘“}Cx‘m‘i M(t) smgc))th trajectory € O(V, b) "
MA)e M, Ce). M(0) = |
I:’\'.j()«) sm%“!wndim M'(0)=T € o(V, b) = Lie algebra
e my)e C (©4)), o)
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— T+ bT =0
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group of isometries O(V, b) — Lie algebra o(V/, b) = Ty (O(V, b) )

The Lie algebra o(V, b) is the tangent space of the manifold O(V, b) at
the unity I }
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Rotation Group SO(3) and Lie Algebra so(3)

_ _ 3
V =R3and b(a,b) =<3a,b>= Y abj = B=1I
i=1

lsometries on V are the orthogonal matrices MM = I

The Group of Rotations SO(3) = O(V, b)

Rotations on V are the orthogonal matrices M'"M = I with Det M = 1

M(o,4,0) =

cosp —sing 0\ fcosyp 0 —siny) /1 0 0
= |sing cos¢p O 0 1 0 0 cosf) —sinf
0 0 1/ \sinyy 0 cosv 0 sinf cosd

Find the Lie Algebra o(V, b) = s0(3) commutation relations




gl(V) algebra

V' = F-vector space, dim V = n < o0

general linear algebra gl( V)

gl(V) = End(V) = endomorphisms on V dimgl(V) = n?
gl(V) is a Lie algebra with commutator [A, B] = AB — BA

gl(C™") = gl(n,C) = M,(C) = complex n X n matrices

Standard basis

Standard basis for gl(n, C) = matrices Ej; (1 in the (i, ;) position, 0
eIseWhere) [EU? Ekg] = 5jkE,'g i 5i£Ekj




Jordan-Chevalley decomposition

» A€ gl(C") ~ we can find W € GL(C") such that BAZ\\LO
WAW =L = A + A, [As, An] = AsA, — AAs =0
» As diagonal matrix (or semisimple) @5 °or WA

» A, nilpotent matrix (A,)™ = 0, the decomposition is unique

(Humphreys 1972, Prop. 4.2, p. 17)
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X = Xs + Xn, Xs Semisimple = diagonalizable matrix, x, nilpotent matrix
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Corrolary of the Chinese Theorem
There are polynomials P(x) and Q(x) such that x; = P(x) and x, = Q(x)




General Linear Group GL(n,[F)

GL(n,F) =invertible n X n matrices
M € GL(n,F) e~ det M £ 0 }

GL(n, C) is an analytic manifold of dim n®> AND a group. J

The group multiplication is a continuous application G x G — G
The group inversion is a continuous application G — G

Definition of the Lie algebra from the Lie group

9(”9 (C) =T (GL(n7 C))

X(t) € GL(n,C)
X (t) smooth trajectory } — {X'(0) =x € gl(n,C)}
X(0) =1

Definition of a Lie group from a Lie algebra

Ix€gl(nC)} = {X(t) et = i Eyn e GL(n,C“)}




Structure Constants

g=span(e, e, ..., &) =Fe; + Fey + -+ + Fe,

n
lei, e = Z céf e, = c,!j- e, cg < structure constants
k=1

(i) bi-linearity
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(i) anti-commutativity: Ci _ﬂ

(iii) Jacobi identity: c" ka"‘ —I_Ckl mJ _ 0

— summation on color indices
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Classical Lie Algebras

A

or sl(£ +1,C) or special linear algebra

Def: (£+ 1) x (£+ 1) complex matrices T with Tr T =0

Dimension = dim(&;) = ({ +1)* — 1 = {({ + 2)

Standard Basis: EU iFEy =12, 04+1 H=Ei—Ei1i1
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Cy | or sp(2¢,C) or symplectic algebra

Def: (20) x (2¢) complex matrices T with Tr T = 0 leaving infinitesimally

invariant the bilinear form
0, I
b +— ( Y )

20
U Vel }wb(U,TV)er(TU,V):O

T € sp(2(,C)

(M N\ _ [N=N
"\ P —MT Pir = P

bT + T%h =0 ~ bTh ! = F&
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By|or o(2( +1,C) or (odd) orthogonal algebra

Def: (204 1) x (20 4+ 1) complex matrices T with Tr T = 0 leaving
infinitesimally invariant the bilinear form

1 0 0
beo | 0" 0, I
o 1, 0
0=(0,0,...,0)
UVeC® |, Tv)+ b(TU.V) =0
T €o(20+1,C) ’ A
0 b ¢
- Ntr:_N
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Dy |or 02, C) or (even) orthogonal algebra

Def: (20) x (2¢) complex matrices T with Tr T = 0 leaving infinitesimally

invariant the bilinear form
0, I,
b+ ( I 0 )

2/
U, Vel }wb(U, TV) 4+ b(TU, V) = 0

T €0(2(,C)

(M N\ [Nr=-N
"\ P M pir = P



